We theoretically study the pump-probe response of nonequilibrium BCS superconductors coupled to optical phonons. For ultrashort pump pulses a nonadiabatic regime emerges, which is characterized by oscillations of the superconducting order parameter as well as by the generation of coherent phonons. Using the density-matrix formalism, we compute the pump-probe response in the nonadiabatic regime of the coupled Bogoliubov quasiparticle-phonon system and determine the signatures of the order parameter and the phonon oscillations in the pump-probe conductivity. We find that the nonadiabatic dynamics of the BCS superconductor reflects itself in oscillations of the pump-probe response as functions of delay time δt between pump and probe pulses. We argue that from the analysis of this oscillatory behavior both frequency and decay time of the algebraically decaying order-parameter oscillations can be inferred. Similarly, the coherent phonons are evidenced in the pump-probe conductivity by oscillations with the frequency of the phonons. Remarkably, we find that the oscillatory response in the pump-probe conductivity is resonantly enhanced when the frequency of the order-parameter oscillations is tuned to the phonon energy.
I. INTRODUCTION
The nonequilibrium response of superconductors has been the subject of considerable interest for a long time 1, 2 . In the past few years, fueled by recent advances in femtosecond terahertz (THz) laser technology 3 , many experimental 4-17 and theoretical [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] studies have focused on the ultrafast time response of the BCS state subjected to nonadiabatic perturbations. For example, Matsunaga et al. 4, 5 have employed THz pump-THz probe spectroscopy to investigate the nonadiabatic dynamics of superconducting thin films after the injection of Bogoliubov quasiparticles with energies just above the gap edge. Transient oscillations with the frequency of the amplitude mode of the superconducting order parameter have been observed in these measurements. Besides pumpprobe experiments, also tunneling spectroscopy has recently been used to study the ultrafast response of superconducting tunnel junctions 32 .
On the theory side, intensive efforts have been devoted to the analysis of persistent and damped oscillations in the Bogoliubov quasiparticle occupations, which are induced by either an interaction quench [18] [19] [20] [21] [22] or by ultrafast photoexcitations [26] [27] [28] [29] [30] [31] . In particular, it has been shown that excitation pulses with pulse duration τ p , see Eq. (2), shorter than the inverse BCS gap energy |∆|, i.e., τ p h/(2|∆|), generate coherent oscillations in the order parameter amplitude and in the quasiparticle occupations with frequency ω ∆∞ ≈ 2|∆|/ [18] [19] [20] [21] [22] . Moreover, in the presence of an optical-phonon branch with energy of the order of ω ph ≈ 2|∆|, coherent quasipersistent phonon oscillations can be generated 29 . While the creation of these coherent oscillations is well understood theoretically, it has remained an open question whether and how this nonadiabatic BCS state dynamics could be observed in experimental pump-probe spectra 27 .
In this paper, we numerically simulate the pump-probe response of nonequilibrium BCS superconductors coupled to optical-phonon modes and determine the signatures of the coherent Cooper pair and phonon dynamics in the pump-probe conductivity. Our aim is to provide systematic calculations of the pump-probe response, such that experimental measurements can more easily be interpreted and compared to the theoretical predictions. Using density-matrix theory 33 , we derive equations of motion for the coupled Bogoliubov quasiparticle-phonon system treating the phonons at a fully quantum kinetic level. The pump-pulse-induced dynamics of this model is investigated in the collisionless regime, i.e., at time scales shorter than the quasiparticle relaxation time, for which BCS mean-field theory is applicable 18, 34 . The pumpprobe experiments of Matsunaga et al. 4, 5 have shown that in Nb 1−x Ti x N thin films this collisionless regime lasts up to 10 ps, considerably longer than the period of the order parameter oscillations, which is of the order of 1 ps.
We study different hierarchies of the involved time scales, focusing for the most part on the case where the pump-pulse length τ p is much shorter than both the phonon period τ ph = (2π)/ω ph and the dynamical time scale of the superconductor τ ∆ ≈ h/(2|∆|). In this regime, both the phononic and quasiparticle subsystems evolve in a nonadiabatic fashion, leading to order-parameter oscillations and the creation of coherent phonons. We present a detailed analysis of the generic features in the pump-probe response resulting from these oscillatory behaviors. In particular, it is shown that the coherent Cooper pair dynamics as well as the finite density of coherent phonons produce oscillations in the pump-probe conductivity as a function of the delay time δt between pump and probe pulses (see Figs. 1-4) . Interestingly, the pump-probe signal is resonantly enhanced and exhibits strong nondecaying oscillations when the frequency of the order-parameter oscillation is tuned to the phonon energy. This condition can be achieved by adjusting the integrated pump laser intensity (see Fig. 5 ).
The remainder of this paper is organized as follows. In Sect. II we introduce the microscopic Hamiltonian of the model and specify the parameters for our numerical simulations. The equations of motion are derived in Sect. III using density-matrix theory. Our numerical results are presented and analyzed in Sects. IV and V. Finally, we summarize and conclude our findings in Sect. VI. Some technical details and additional plots are presented in Appendixes A and B, respectively.
II. MICROSCOPIC HAMILTONIAN
We consider a single-band s-wave superconductor coupled to an optical-phonon mode described by the Hamiltonian H = H sc + H ph + H el-ph , where H sc represents the mean-field BCS Hamiltonian
the free-phonon part H ph is given by
and H el-ph denotes the interaction between electrons and phonons
where N is the number of lattice sites. In Eq. (1a) c k,σ (c † k,σ ) represents the electron annihilation (creation) operator with momentum k and spin σ, k = 2 k 2 2m − E F is the electron dispersion relation, m denotes the effective electron mass, and E F stands for the Fermi energy. The second sum in Eq. (1a) is taken over the set W of all k vectors with | k | ≤ ω c , ω c being the frequency cutoff. The superconducting order parameter ∆(t) is assumed to be of s-wave symmetry, with ∆(t) = W0 N k∈W c −k,↓ c k,↑ , and W 0 an attractive interaction constant.
We emphasize that we are generally looking for signatures of the dynamics after the pump pulses and, in particular, in the dynamics of certain low-lying phonons. The phonon mode (1b) considered here does not generate the superconductivity. The pairing interaction is assumed to be mediated by other bosons at higher energies, i.e., for instance by spin fluctuations or by phonons at high energies of the order of the Debye energy ω D ≈ 30meV. This energy scale is much larger than the energy scale of the Bogoliubov quasiparticles so that these other bosons influence the low-energy dynamics only indirectly via virtual processes, and hence, they do not need to be treated explicitly. The corresponding electron-boson couplings are assumed to be integrated out and enter in the mean-field treatment of superconductivity via W 0 .
For our numerical calculations we have to fix the parameters. Motivated by the numbers for Pb 35 we fix the parameters as follows: gap in the initial state ∆(t i ) = 1.35 meV, Fermi energy E F = 9479 meV, energy cutoff ω c = 8.3 meV, and effective electron mass m = 1.9m 0 , with m 0 being the free electron mass. The operator b † p (b p ) in Eq. (1b) creates (annihilates) phonons with wave vector p and frequency ω ph , where ω ph is assumed to be constant for simplicity. Similarly, the coupling between electrons and phonons is taken to be of Holstein form [Eq. (1c)] with a momentum-independent interaction constant g ph .
In the following, we study the nonequilibrium response of Hamiltonian (1) to a short intense pump pulse which injects a nonthermal distribution of Bogoliubov quasiparticles into the system. The considered pump pulse is of Gaussian shape with photon frequency ω p , photon wave vector q p = |q p |ê x , full width at half maximum (FWHM) τ p , and amplitude A p = |A p |ê y . Working within the Coulomb gauge, the pump pulse is expressed in terms of the transverse vector potential 36 ,
Thereby, the coupling of the pump pulse to the superconductor is described by H em = H
em + H
em , where
We stress that the wave vector q p must be kept finite in order to desribe the effect of the pump pulse correctly. If it were set to zero, all linear couplings of the electromagnetic field to the fermions are gone. This can be most clearly seen if we consider the metallic case without superconductivity. The single-band model does not allow any direct excitation process ∆q = 0 but only indirect ones. Thus, neglecting the finiteness of the wave vector prevents any excitation in the linear regime. Moreover, certain effects such as the lowering of the order parameter ∆(t) and the Pauli blocking would be ill described if we set q p = 0 26 . The absorption spectrum of the nonequilibrium state is measured by a probe pulse, which follows the pump pulse after a certain delay time δt. The probe pulse has the same shape as the pump pulse, Eq. (2), but much weaker intensity. We consider both negative and positive pumpprobe delay times δt, depending on whether the probe pulse precedes the pump pulse (δt < 0) or follows after it (δt > 0). For the numerical computations we assume that the pump pulse is centered in time at t = 0 ps and has photon energy ω p = 3 meV, which is slightly larger than twice the gap energy 2|∆(t i )| of the superconductor in the initial state at t = t i . The probe pulse is taken to be very short in time with FWHM τ pr = 0.25 ps and center energy ω pr = 2.5 meV (see Fig. 10 in Appendix A).
Thus, the probe pulse contains a broad range of frequencies which cover almost the entire energy range of excited quasiparticles induced by the pump pulse similar to recent experiments 4, 5, 8 . Nonlinear couplings between the superconductor and the probe pulse are neglected because probing is done with much weaker intensity in the linear response regime.
III. EQUATIONS OF MOTION
In order to simulate the pump-probe conductivity, we need to determine the temporal evolution of the electric current density j qpr (δt, t), where q pr = |q pr |ê x is the wave vector of the probe pulse and
Formally, the current depends on two times, namely the delay time δt between pump and probe pulse and the actual time t at which it is measured or computed, respectively. For the numerical calculations we neglect the second term in Eq. (4) since it only results in a constant offset of the imaginary part of the conductivity spectra. Then, the pump-probe conductivity σ(δt, ω) is obtained from Eq. (4) via
where
and
denote the Fourier transformed y components of the current density j qpr (δt, t) and the vector potential A qpr (δt, t) of the probe pulse, respectively. In the literature, there are also other ways discussed to determine the conductivity; see, for instance, Ref. 37 . However, we think that in the present context of a pump and a probe pulse the above procedure suggests itself and is closest to what is experimentally done. Hence, the pump-probe conductivity is fully determined by the time evolution of the expectation values c † k,σ c k+q pr ,σ (δt, t), which we numerically compute by integrating the corresponding equations of motion. To keep the notation light, we in the following omit the dependence on the delay time δt because it is externally fixed by the timing of the pump and the probe pulse. Below we discuss how the dependence on the time t is computed.
A. Density-Matrix Formalism
Using the density-matrix formalism, we derive equations of motion for the quasiparticle densities and the mean phonon amplitudes b p and b † −p in this section. For this purpose, it is advantageous to perform a Bogoliubov transformation of the electron operators which diagonalizes the Hamiltonian H sc in the initial state. That is, we introduce new fermionic operators α k and β k , with
We emphasize that the coefficients u k and v k do not depend on time, i.e., the temporal evolution of the quasiparticle densities is computed with respect to a fixed timeindependent Bogoliubov-de Gennes basis in which the initial state is diagonal. All physical observables, such as the electric current density j qpr (t), the order parameter amplitude |∆(t)|, and the lattice displacement U (r, t) can now be expressed in terms of the new Bogoliubov quasi-
For example, for the current density j qpr (t) we find
Due to the interaction term H el-ph in Eq. (1), the kinetic equations for the single-particle density matrices
, are not closed: Instead, H el-ph leads to an infinite hierarchy of equations of higherorder density matrices 33 . In order to study the generation of coherent phonons, it is sufficient to break this hierarchy at first order of the electron-phonon coupling strength g ph . That is, phonon-assisted quantities, such as α † k α k+q b p , are factorized as follows 29, 38 :
Finite expectation values of the mean phonon amplitudes b p and b † −p correspond to a nonvanishing lattice displacement,
where M denotes the reduced mass of the lattice ions. We remark that breaking the hierarchy at first order in g ph amounts to neglecting all correlations among quasiparticles and phonons. In particular, relaxation processes due to quasiparticle-phonon and phonon-phonon scattering are not taken into account. Since we focus on time scales shorter than the coherent-phonon and quasiparticle life-times, we neglect all of these higher-order processes, which are expected to give rise to an exponential damping of the coherent phonon and order parameter oscillations. Recent pump-probe experiments on Nb 1−x Ti x N films 4,5 have shown that these relaxation processes occur on time scales of tens of picoseconds, which is much larger than the period of the order parameter oscillations.
By factorizing higher-order density matrices according to Eq. (8), a closed set of differential equations for the quasiparticle density matrices and the mean phonon amplitudes can be derived using Heisenberg's equation of motion. A derivation of these differential equations and some other technical details are given in Appendix A. In Sects. IV and V, we numerically solve this set of differential equations to obtain the temporal evolution of the order parameter amplitude |∆(t)|, the lattice displacement U (r, t), and the current density j qpr (t). From the Fourier transform of the latter quantity, the pump-probe conductivity σ(δt, ω) is readily obtained using Eq. (5). In order to study different time-scale regimes, we adjust in the following the pump-pulse width τ p , the phonon energy ω ph , and the integrated pump-pulse intensity |A p | 2 τ p . For each regime we determine the signatures of the coherent Cooper pair and phonon dynamics in the pump-probe response.
IV. PUMP-PROBE RESPONSE IN THE ABSENCE OF PHONONS
Before studying the evolution of the coupled Bogoliubov quasiparticle-phonon system in Sect. V, it is instructive to first consider the pump-probe response of a BCS superconductor in the absence of phonons. Hence, we first solve the set of equations of motion (A1) for g ph = 0 and compute σ(δt, ω) for positive and negative pump-probe delay times δt.
A. Positive pump-probe delay time
We start by discussing the case where the probe pulse follows the pump pulse after a positive delay time δt.
Both the nonadiabatic and the adiabatic regimes are considered, corresponding to τ p τ ∆ and τ p τ ∆ , respectively; see Figs. 1 and 2.
Nonadiabatic regime, τp τ∆
In Fig. 1 (a) we plot the real part of the pump-probe signal, Re[σ(δt, ω)], versus delay time δt and frequency ω for the regime τ p τ ∆ , where the Bogoliubov quasiparticle densities build up coherently. The imaginary part of σ(δt, ω), which shows similar features as the real part, is presented in Fig. 11 of Appendix B. In the nonadiabatic regime, the ultrafast photoexcitations lead first to a monotonic growth and then to rapid oscillations in the quasiparticle occupations. Correspondingly, as t → ∞, the order parameter amplitude |∆(t)| first decreases monotonically and then approaches the asymptotic value ∆ ∞ < |∆(t i )| in an oscillatory fashion with oscillation frequency [18] [19] [20] [21] [22] ,
see Figs. 1(d) and 1(e). In the collisionless limit, i.e., in the absence of relaxation processes, the oscillations in the quasiparticle densities are undamped, whereas the order parameter oscillations show an algebraic 1/ √ t decay, due to destructive interference among quasiparticle densities with different momenta [ Fig. 1(d) ].
Remarkably, we find that this coherent oscillatory dynamics reveals itself in the pump-probe signal through algebraically decaying oscillations as a function of delay time δt; see Figs. 1(a)-(c). These oscillations are most prominent at the frequency ω ∆∞ corresponding to twice the asymptotic gap energy, i.e., at ω ∆∞ = 2∆ ∞ = 2.4690 meV, where σ(δt, ω) exhibits a sharp edge as a function of ω; see Figs. 1(a) and 1(b). The delay-time dependence of Re[σ(δt, ω 0 )] for fixed ω 0 is approximately given by
as shown by the excellent fits to the numerical data in Figs. 1(b) and 1(c). Here, Φ is an overall phase and A, B, and C are fit parameters that depend on ω 0 . Hence, as it is with the order parameter oscillations, oscillations in the pump-probe signal are characterized by an amplitude decaying as 1/ √ δt and a frequency ω ∆∞ = 2∆ ∞ / that is determined by the asymptotic gap value ∆ ∞ . We note that the linear increase in the pump-probe signal of Fig. 1(b) can be attributed to slow oscillations that are related to the finite size of the system.
We conclude that the nonadiabatic BCS state dynamics is clearly visible in σ(δt, ω) in terms of oscillations as a function of delay time δt. This is one of the key findings of the present work. The frequency dependence of the pump-probe signal, on the other hand, does not show any sign of the order parameter oscillations [ Fig. 1(a) This result is in qualitative agreement with recent pumpprobe experiments on Nb 1−x Ti x N thin films 4 .
Adiabatic regime, τp τ∆
It is interesting to contrast the pump-probe response induced by ultrashort pump pulses [ Fig. 1(a) ] with the one in the adiabatic regime, where the pump pulse duration τ p is much longer than the dynamical time scale of the superconductor τ ∆ . The absorption spectrum Re[σ(δt, ω)] as a function of delay time δt and frequency ω for a pump pulse with τ p τ ∆ is shown in Fig. 2(a) . In this adiabatic regime, the pump pulse excites only the normal quasiparticle densities, α † k α k and β † k β k , whereas the anomalous ones, α † k β † k and α k β k , remain unoccupied. Hence, the order parameter ∆(t) does not oscillate, instead it decreases monotonically towards the asymptotic value ∆ ∞ [ Fig. 2(c)] . Correspondingly, the pump-probe signal σ(δt, ω) does not exhibit any oscillations, neither as a function of delay time nor of frequency [ Fig. 2(a) ]. As in Fig. 2(a) , Re[σ(δt, ω)] has a sharp edge at the frequency ω ∆∞ corresponding to twice the energy of the asymptotic gap value ∆ ∞ . However, otherwise, it is almost featureless, except for a small dip just below the pump frequency ω p ; see Fig. 2(b) . This reduced absorption in the vicinity of ω p is due to Pauli blocking which leads to a saturation in the narrowly peaked quasiparticle distributions 26, 39 .
B. Negative pump-probe delay time
Let us now turn to the situation where the probe pulse precedes the pump pulse with δt < 0. We focus our analysis on the nonadiabatic case, τ p τ ∆ , since in the opposite regime, τ p τ ∆ , the pump-probe signal does not show any interesting characteristics as a function of delay time δt.
Nonadiabatic regime, τp τ∆
In Fig. 3(a) we present the real part of the pumpprobe response, Re[σ(δt, ω)], versus negative delay time δt and frequency ω for an ultrashort pump pulse with τ p = 0.5 ps τ ∆ . Both the energy gap before and after the pump pulse are clearly visible in the frequency dependence of σ(δt, ω). That is, the pump-probe signal displays two sharp edges as a function of frequency, one at twice the gap energy in the initial state ω ∆(ti) = 2∆(t i ) = 2.7 meV and one at twice the asymptotic gap value ω ∆∞ = 2∆ ∞ = 1.677 meV [green and blue traces in Fig. 3(a) ]. Between those two edges, σ(δt, ω) shows spectral oscillations in ω with a frequency δω that is inversely proportional to the delay time, i.e., δω = (2π)/|δt|.
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Interestingly, we find that the pump-probe response σ(δt, ω) also exhibits a rich oscillatory behavior in the delay-time dependence, with multiple frequencies that (c) depend on the absorption energy ω; see Figs. 3(a) and 3(b). This is revealed most clearly in Fig. 3(b) , which shows the Fourier transformed pump-probe signal in two-dimensional frequency space, i.e., Re(σ) as a function of Fourier frequency ω δt of the delay time and absorption frequency ω. We observe that for the absorption energy ω within the interval 0 < ω < ω ∆∞ , Re[σ(δt, ω)] oscillates in δt with the frequency ω ∆(ti) . The oscillatory behavior of Re[σ(δt, ω)] in the interval ω ∆∞ < ω < ω ∆(ti) is even more intriguing, as it shows signatures of how the gap decreases while the pump pulse acts on the sample [cf. Fig. 3(c) ]. In other words, it is found that for these absorption energies Re[σ(δt, ω)] oscillates in δt with three frequencies that are approximately given by ω ∆(ti) , ω ∆(ti) + ω, and ω ∆(ti) − ω.
V. PUMP-PROBE RESPONSE IN THE PRESENCE OF AN OPTICAL PHONON MODE
In this section we analyze the pump-probe response of a superconductor coupled to an optical phonon. To that end, we numerically solve the set of kinetic equations (A1) for finite electron-phonon coupling g ph . The correlation expansion used to derive the equations of motion of the coupled Bogoliubov quasiparticle-phonon sys- -hω [meV] (d) tem is valid as long as g ph is smaller than the superconducting energy scales. Hence, for the numerical calculations we take g ph = 0.1 meV ∆(t i ), in which case the influence of the phonon subsystem on the superconductor becomes negligibly small. As in the previous section, we focus on ultrashort pump pulses with τ p τ ph , τ ∆ that drive both the quasiparticle and the phonon subsystems in a nonadiabatic fashion.
A. Positive pump-probe delay time
First, we examine the results for positive pump-probe delay time, where the probe pulse follows the pump pulse after the delay time δt > 0. (11) and (12), respectively, to the numerical data. (d), (e) Time evolution of the order parameter amplitude |∆(t)| and the lattice displacement U (0, t), respectively, for the same parameters as in panel (a). (f) Fourier spectra of the order parameter and coherent phonon oscillations (dashed blue and solid red, respectively).
Nonadiabatic regime, τp τ ph ≈ τ∆
The most interesting case corresponds to the situation where an ultrashort pump pulse drives quasiparticle oscillations with a frequency that is close to resonance with the phonon energy, i.e., τ p τ ph ≈ τ ∆ , see Figs. 4, 5, and 12. Figure 4 (a) displays the real part of the pump-probe signal as a function of delay time and frequency for a pump pulse with width τ p = 0.5 ps and amplitude |A p | = 10 · 10 −8 Js/(Cm). For this choice of pump-pulse intensity, the order parameter oscillations are close to resonance with the phonon frequency, i.e., |2∆ ∞ / − ω ph | ω ph [ Fig. 4(f) ]. This leads to a beating behavior in the lattice displacement U (r, t)
29 ; see Fig. 4(e) . Correspondingly, we observe two distinct edges in the frequency dependence of σ(δt, ω), one at twice the asymptotic gap value ω ∆∞ = 2∆ ∞ = 2.2491 meV and one at the phonon energy ω ph = 2 meV [blue and red traces in Fig. 4(a) ]. The maxima of these two edges show an oscillatory behavior as a function of delay time [Figs. 4(b) and 4(c)], reflecting the nonadiabatic dynamics of both the phonon mode and the Bogoliubov quasiparticles.
The delay-time evolution of Re[σ(δt, ω)] at ω ∆∞ is well described by Eq. (11), as evidenced by the good fit in Fig. 4(b) . That is, Re[σ(δt, ω ∆∞ )] oscillates with frequency ω ∆∞ and an amplitude decaying as 1/ √ δt. The oscillations at ω ph , on the other hand, exhibit a beating phenomenon, approximately given by
where ω ± = (ω ∆∞ ± ω ph )/2, and A, B, Φ 1 , and Φ 2 are fit parameters. As demonstrated by the gray lines in Fig. 4(c) , Eq. (12) fits our numerical results well. Just as the lattice displacement U (r, t), Re[σ(δt, ω ph )] exhibits quantum beats, i.e., it oscillates with frequency ω + and an amplitude that is modulated with frequency ω − . Note that the deviations between the fit function (12) and the numerical results of Fig. 4 (c) for δt 7 ps are due to a transient oscillatory behavior. By adjusting the pump-pulse intensity, we can bring the order parameter oscillations into exact resonance with the phonon mode 29 . This is illustrated in Fig. 5 , where we plot Re[σ(δt, ω)], |∆(t)|, and U (r, t) for a pump pulse with τ p = 0.5 ps and |A p | = 11.64 · 10 −8 Js/(Cm). In this resonant case, the lattice displacement oscillates with frequency ω ph = ω ∆∞ = 2 meV/ and an amplitude that grows like √ t; see Fig. 5(e) . Concomitantly, the frequency dependence of the pump-probe signal σ(δt, ω) shows just one sharp edge at ω ∆∞ = ω ph = 2 meV, whose maximum oscillates as a function of δt [blue trace in Fig. 5(a) (12) and (11), respectively, to the numerical data. than in the off-resonant case [compare Fig. 4(b) with Fig. 5(b) ]. In fact, the δt dependence of Re[σ(δt, ω)] at ω ∆∞ is very well captured by formula (12) with ω + = ω ∆∞ and ω − = 0, as demonstrated by the fits in Fig. 5(b) . At absorption energies ω different from ω ∆∞ , however, Re[σ(δt, ω)] shows algebraically decaying oscillations in δt with frequency ω ∆∞ and an amplitude decreasing as 1/ √ δt. This is exemplified in Fig. 5(c) , which reveals that the delay-time evolution of the pumpprobe signal for ω = ω ∆∞ is well described by Eq. (11) [gray lines in Fig. 5(c) ].
Adiabatic regime, τp τ∆, τ ph
We contrast the results for the nonadiabatic regime [Figs. 4 and 5] with those for the adiabatic case, shown in Fig. 6(a) , where we present the pump-probe signal for a superconductor photoexcited by a long pump pulse with pulse duration τ p τ ∆ , τ ph . We observe that in this regime the lattice displacement does not oscillate with the phonon frequency, but exhibits large transient oscillations with frequency ω p that occur within the interval ≈ [−τ p , +τ p ] during which the pump laser acts on the system [Figs. 6(c) and 6(d)]. The probe signal Re[σ(δt, ω)] is almost featureless as a function of delay time δt [Figs. 6(a) ]. It only displays a sharp edge in the frequency dependence at ω ∆∞ = 2∆ ∞ and a small dip just below the pump pulse frequency ω p which arises due to Pauli blocking [cf. Fig. 2(a) ]. However, since no coherent phonons with frequency ω ph are being created, Re[σ(δt, ω)] exhibits no feature at the phonon energy ω ph [red trace in Fig. 6(a) ]. Also the transient oscillations of Fig. 6(c) are not visible in the pump-probe response as a function of frequency or delay time.
In closing, we show in Fig. 7 the real part of the pumpprobe signal Re[σ(δt, ω)] for the special case, where the central energy of the pump pulse is in resonance with the phonon energy, i.e., ω p = ω ph . Such a resonant pumping of the phonon leads to undamped coherent phonon oscillations, which persist even after the pump pulse has passed [ Fig. 7(c)] 29 . This resonant response of the phonon system in turn gives rise to an enhanced oscillatory behavior in the delay-time dependence of the absorption spectrum Re[σ(δt, ω)] at the phonon frequency ω ph [red trace in Fig 7(a) ].
B. Negative pump-probe delay time
Finally, we discuss the pump-probe conductivity with negative delay times δt < 0 for a superconductor coupled to optical phonons. As in Sect. IV B we focus on the nonadiabatic regime τ p τ ∆ , τ ph , in which order In Fig. 8(a) , the real part of the pump-probe signal is plotted versus negative delay time δt and frequency ω for a short pump pulse with τ p = 0.5 ps. Similar to Fig. 3(a) , we observe two sharp edges in the frequency dependence of Re[σ(δt, ω)], one at twice the energy of the asymptotic gap value ω ∆∞ = 1.677 meV and a smaller one at twice the gap energy of the unperturbed superconductor ω ∆(ti) = 2∆(t i ) = 2.7 meV [blue and green traces in Fig. 8(a) ]. In addition, there appears a third feature at the phonon frequency ω ph ≈ 1.19 ω ∆∞ , indicated by the red trace in Fig. 8(a) . As a function of delay time the pump-probe signal shows an intricate oscillatory behavior, which reflects the nonadiabatic dynamics of both the Bogoliubov quasiparticle and phonon subsystems. The spectral distribution of these oscillations in δt is depicted in Fig. 8(b) . It is quite similar to the one in the absence of phonons (cf. Sect. IV B). For absorption frequencies ω within the interval ω ∆∞ < ω < ω ∆(ti) , Re[σ(δt, ω)] oscillates in general with three different frequencies, approximately given by ω ∆(ti) , ω ∆(ti) + ω, and ω ∆(ti) − ω. Besides these, the Fourier spectrum of Re[σ(δt, ω)] at the absorption energy ω = ω ph also shows a peak at the phonon energy ω ph = 2 meV [white arrow in Fig. 8(b) ].
VI. SUMMARY AND CONCLUSIONS
In this paper we have used the density matrix formalism to simulate the pump-probe response of nonequilibrium superconductors coupled to optical phonons. Considering different hierarchies of time scales, we have performed systematic calculations of the pump-probe conductivity, which allows for a direct comparison of pumpprobe experiments to the theoretical predictions. For sufficiently short pump pulses the superconductor can be driven into a nonadiabatic regime, which is characterized by rapid oscillations in the Bogoliubov quasiparticle densities. In turn, these sudden changes in the quasiparticle occupations lead to order parameter oscillations and the creation of coherent phonons. We have shown that the pump-probe absorption spectrum as a function of positive and negative delay times δt shows clear signatures of the coherent nonadiabatic dynamics of both the quasiparticle and the phonon subsystems.
In particular, for positive delay times, the absorption -hω [meV] (e) spectrum at twice the frequency of the asymptotic gap value exhibits algebraically decaying oscillations in δt with the same frequency as the order parameter oscillations (Fig. 1) . The coherent dynamics of the phonons reveals itself in terms of a beating phenomenon as a function of δt in the absorption spectrum at the phonon frequency (Fig. 4) . Interestingly, this oscillatory response in the probe spectra can be strongly amplified by bringing the frequency of the order parameter oscillations into resonance with the phonon energy (Fig. 5) . For negative delay times, the pump-probe signal shows an even richer oscillatory response in the delay-time dependence, with multiple frequencies that change as a function of absorption energy (Figs. 3 and 8 ). This intricate behavior contains information on how the superconducting condensate is depleted while the pump pulse acts on the sample.
Our theoretical findings are qualitatively consistent with recent pump-probe experiments by Matsunaga et al. 4 , which have observed order parameter oscillations in the pump-probe conductivity of Nb 1−x Ti x N thin films. In agreement with our theoretical result, these oscillations are algebraically damped and their frequency corresponds to twice the asymptotic gap energy. These experiments have demonstrated that up to five cycles of order parameter oscillations can be experimentally observed, and that the coherence of the quasiparticles is maintained over a period of up to 10 ps. The theoretical study of relaxation processes due to quasiparticle-quasiparticle and quasiparticle-phonon scattering, which in the case of Nb 1−x Ti x N films become dominant at time scales larger than 10 ps, remains as an important direction for future research. Pump-probe spectroscopy has the unique capability to resolve coherent oscillations as well as relaxation processes in the time domain, thereby yielding important information on the intrinsic time and energy scales of the superconductor. [4] [5] [6] We hope that the findings of this paper will stimulate further time-resolved measurements of superconductors in the nonadiabatic regime.
and with the shorthand notation L
The equations of motion for the other quasiparticle densities are of similar form 29 and are not presented for brevity. The equation of motion for the mean phonon amplitude b p is given by
Equations (A1a)- (A1c) together with the equations of motion for the other three quasiparticle densities form a closed set of differential equations, which we solve using a standard Runge Kutta algorithm. 
Discretization
To solve the closed set of differential equations for the expectation values, e.g. α † k α k+q , numerically, we have to restrict the numbers of considered points in momentum space. The first restriction is that we only take expectation values with indices k and k + q ∈ W into account. Furthermore, only expectation values with indices (k, k + nq 0 ) with an integer n have to be consider, as we can see from Eq. (A1a). The external electromagnetic field breaks translational invariance and may add or subtract momentum q 0 . For small amplitudes |A p | the offdiagonal elements decrease rapidly as increases because the contribution at (k, k + nq 0 ) = O(|A p | |n| ). Thus, we set all entries with n > 4 to zero. With this choice of the k, k + q values, we are able to solve the equations of motion. To reduce the numerical effort we perform a quasi-one-dimensional calculation. The discretization mesh studied is depicted in Fig. 9 . It has been shown that this quasi-one-dimensional simulation yields a good approximation for two-and three-dimensional systems 26 .
Implementation of pump and probe pulses
We have considered both long and short pump pulses, with widths τ p τ ∆ and τ p τ ∆ , respectively. The width of the probe pulse, however, is always chosen to be short, with τ pr = 0.25 ps, such that the nonequilibrium superconductor is probed with a broad range of frequencies. Both the pump and the probe pulses are cut off at a thousandth of their maximum amplitude. Hence, for |δt| 2(τ p + τ pr ) there is no overlap between pump and probe pulses. Figure 10 depicts the temporal evolution of the pump and probe pulses.
For the pump pulse, which has a high intensity, we take into account both linear and nonlinear couplings to the superconductor [cf. Eq. (A1a)]. The probe pulse, on the other hand, has weak intensity and is therefore only treated within linear approximation, i.e., terms of second δt Figure 10 . (Color online) Temporal evolution of the pump field Aq p (t) (solid lines) and and probe field Aq pr (t) (dashed lines) with pulse widths τp = 0.5 ps and τpr = 0.25 ps, respectively. The black solid (dashed) line represents the Gaussian envelope of the pump (probe) pulse. The blue and red traces show the real and imaginary parts of the pulse fields, respectively. The pump pulse is centered at t = 0 ps and the probe pulse at t = δt = 2 ps.
order and higher in the probe field A pr (t) are neglected. As a result, the equations of motion simplify.
To compute the effects of the probe pulse we use further following approximations. First, all off-diagonal terms, such as α (11), see discussion in the text.
Pump-probe response in the absence of phonons
In Fig. 11(a) we plot the imaginary part of the conductivity versus delay time δt and frequency ω in the nonadiabatic regime with positive delay time. The corresponding real part is depicted in Fig. 1 . As discussed in the main text, we detect algebraically decaying oscillations as a function of the delay time. For all frequencies except ω = ω ∆∞ , the delay-time dependence can be described by Eq. (11) . As an example, the conductivity at ω = 0.81ω ∆∞ is shown in Fig. 11(c) . Here a perfect match of the fit and the data is shown. The oscillation at ω = ω ∆∞ , where we observe a sharp edge in σ(δ, ω) as a function of ω, is governed by two frequencies, one is given by ω ∆∞ and the other by 2ω ∆∞ . This is due to the fact that the amplitude of the oscillation with frequency ω ∆∞ is very small so that we can observe higher harmonics of this oscillation. To describe the delay-time dependence of the conductivity at this frequency, we have to modify Eq. (11) 
The perfect match of this fit shows that this is a good approximation; see Fig. 11(b) .
2. Pump-probe response in the presence of an optical phonon mode
In Fig. 12 the imaginary part of the conductivity versus delay time δt and frequency ω is shown in the nonadiabatic regime with positive delay time near resonance. The corresponding real part is depicted in Fig. 4 . Also in the imaginary part we detect two edges in the frequency dependence of Im[σ(δt, ω)], one at ω ∆∞ = 2.2491 meV and one at the phonon energy ω ph = 2 meV [blue and red traces in Fig. 12(a) ]. The delay-time evolution of Im[σ(δt, ω)] at ω ∆∞ is again well described by Eq. (11) (not shown) . The delay-time evolution of Im[σ(δt, ω)] at ω ∆∞ is well described by Eq. (12) and shows the beating just as it occurs in the lattice displacement (not shown). In summary, the imaginary part of the conductivity shows the same signatures as its real part.
